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Abstract-This paper deals with the reliability function and the failure rate of the k out of R sys- 
tem of components, with and without incorporating the environmental effect. Special csses of the 
series system and the parallel system provide more compact expressions and interpretations. Some 
of the results in the literature follow as our special cases. Examples are given to illustrate the results. 
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1. INTRODUCTION 
In assessing the reliability of a system of components, it is rarely possible to test the entire system 
under the actual operational environment. Therefore, the component reliabilities are often de- 
termined by life tests conducted under the controlled environment. The operating environmental 
conditions are generally harsher or gentler than the test environment. Life tests conducted under 
the controlled environment ignore the influence of the operating environment, thus resulting in 
inappropriate results. 
Cox [l] ‘suggested the introduction of a parameter 2 (the frailty) that will exhibit the changing 
nature of the operating environment by modeling the failure intensity by 
qt 1 z) = zX(t), 
where X(t) is the baseline hazard without incorporating the environmental effects. Here 2 is a 
nonnegative random variable with a certain distribution. The most common distribution of 2 has 
been taken as gamma in the literature because of its mathematical tractability and interpretation 
while other distributions like inverse gaussian or stable distributions are possible, see [2-71. 
In this paper, we consider a k out of n system of components which functions if at least k of 
the n components function. For such a system, we derive the reliability function and the failure 
rate of the system taking into account the environmental effects. We also study the crossing 
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points of the failure rates, the reliability functions and the mean residual life functions with or 
without taking the environmental effects into consideration. Some of the results in the literature 
follow as our special cases. 
2. SOME DEFINITIONS AND BACKGROUND 
Let X be a continuous positive random variable representing the life of a component with 
cumulative distribution function F(t) and probability density function (pdf) f(t). Then the 
following quantities are defined. 
1. FAILURE RATE. HAZARD RATE. 
x(t) = lim 
P(t 5 x I t + at ) x > t) 
A(t)+0 A@> 
f(t) 
=R(t)’ 
where R(t) = 1 - F(t) is called the reliability function or the survival function. 
2. MEAN RESIDUAL LIFE FUNCTION. 
/iF(t) = E(X -t 1 x > t) 
= St” R(z) dx 
R(t) ’ 
whenever OF = E(X) < 00. 
The failure rate and the mean residual life function are related by 
(2-l) 
(2.2) 
(2.3) 
It is well known that X(t) determines the distribution function uniquely, and hence, p(t) also 
characterizes the distribution. In addition, R(t) and pF(t) are connected by 
R(t) = 3 
e+~$ij}~ (2.4) 
Thus, X(t), PF(% and R(t) are equivalent in the sense that, given one of them, the other two 
can be determined. Hence, in the analysis of survival data, one sometimes estimates X(t) or pF(i!) 
instead of R(t) according to the convenience of the procedures available. 
We now present some criteria for aging. 
Some Criteria for Aging 
Let Rt(x) = P(X > 2 + t 1 X > t) be the reliability function of a unit of age t. Evidently, 
any study of the phenomenon of aging should be based on R,(x) and the functions related to it. 
Thus we have the following. 
(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
F is said to be PF2 (or increasing likelihood ratio property) if lnf(t) is concave, i.e., 
f(x + t)/f(x) is decreasing in x for all t > 0. 
F is said to have an increasing (decreasing) failure rate if R(x) = R(z + t)/R(z) is 
increasing (decreasing) in t. If F is absolutely continuous with density f, then F is in 
IFR (DFR) class if the failure rate X(t) = f(t)/R(t) is increasing (decreasing). 
F is said to have an increasing (decreasing) failure rate average, IFRA(DFRA) if si X(x) 4 
is increasing (decreasing). 
F is said to be better (worse) than used, NBU (NWU) if R,(x) 5 R(x) for all x 2 0 and 
t 2 0. 
F is said to have a decreasing (increasing) mean residual life function, DMRL (IMRL) if 
pF(t) is decreasing (increasing) assuming that /JF(O) exists. 
F is said to be new better (worse) than used in expectation, NBUE (NWUE) if pF(t) 5 
(z)pj7(0) for all t 10. 
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The chain of implications between these classes of distributions is 
PFi + IFR + IFRA + NBU + NBUE 
IFR =+ DMRL =+ NBUE. 
The reverse implications are not true; for counter examples, see [8]. 
3. RELIABILITY OF A k OUT OF n SYSTEM 
Consider a system having n identical components having distribution function F(x) and prob- 
ability density function (pdf) f(x). The system functions if at least Ic of the n components 
function. Then the pdf of this system is the pdf of (n - k + l)th-order statistics in a sample of 
size n and is given by 
(n _ ,,;;, _ l)!F”-kW - F(x))“-‘.W 
The reliability of such a system is given by 
J 
00 
F”+(z)(l - F(x))k-lf(x) dx 
t 
= (n - k)Y:k - I)! j=. 
ne (“,“)(-1)“-“-j (R(t))“_j 
n-j 7 
(3.1) 
(3.2) 
where R(t) = 1 - F(t). Note that another formula is given in Lemma 2.1 of [9]. 
SPECIAL CASES. 
CASE 1. SERIES SYSTEM (k = n). 
Q(t) = (R(t))“. 
CASE 2. PARALLEL SYSTEM (k= 1). 
Rs(t) = n 2 (n;l)(-l)n-j-l (R(t))“-j 
j=O n-j 
3.1. Reliability under the Environment 
Taking into consideration the random environmental effect 2 with pdf g(z), the reliability of 
the system is given by 
(3.3) 
(3.4) 
where A(t) is the cumulative hazard corresponding to F(.) and Mz(.) is the moment generating 
function of 2. We shall now discuss two examples. 
EXAMPLE 1. Let the distribution of 2 be gamma, that is, 
s(z) = j&-g a-1,-r/p I z > 0, a>o, p>o. 
This gives 
Mz(t) = (1 _l/qa 
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and 
Note that the case of baseline distribution as Weibull has been discussed by [lo]. 
EXAMPLE 2. Let the distribution of 2 be inverse Gaussian, that is, 
s(z) = (&)1’2exp [-(6z2-J)2], z,u,~> 0. 
This gives 
and 
Mz(t) = exp [i (l- (l-q2)] 
(3.5) 
(3.6) 
4. FAILURE RATE OF k OUT OF n SYSTEM 
The failure rate of the system is given by 
7-s(t) = -$ h&(t) 
= -$ lnng(-l)“-“_j 
j=o 
(;) (” ;‘; l)(R(t))“-j 
n-k 
jgo ( -i)n-k-j (9) (“j--y’) $ (e-Nt)(n-j)) 
=- 
n-k 
C (-l)“-k-j(;)(n;~;l)(R(t))n-j 
j=o 
(4.1) 
n-k 
X(t) C (-l)+k-j (9) (",!;')(n - j)(R(t))n-j 
j=O = 
n-k ’ jTo(-lp-k-j (7) (“;Lj;l)(R(t))+j 
where X(t) is the failure rate corresponding to F(.). 
SPECIAL CASES. 
1. SERIES SYSTEM (k = n). 
T-S(t) = d(t) 
2. PARALLEL SYSTEM (k=l). 
n-1 
w(t) = 
W &C-1)“~j-‘(y) (n - A(R(t))n-j 
n-1 
~~oo(-l)“-j-‘(3)(R(t))n-j 
We shall now determine the aging class of distribution to which the distribution of the system 
belongs. For that purpose, we state the following result. 
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LEMMA 3. Let X be a random variable with distribution function F(.). For a random sample of 
size n from this distribution, let Fk:, denote the distribution function of the kth-order statistic. 
Then we have the following. 
(1) F is IFR (IFRA) + Fk:,, is IFR (IFRA) for all k. 
(2) F is DFR (DFRA) * Fkrn is DFR (DFRA). 
(3) F is NBUE 3 F,:,, is NBUE. 
(4) F is DMRL + Fnzn is DMRL. 
For proofs, see (11,121. 
Since the distribution of the k out of n system of components is the same as the distribution of 
the (n - k + l)th-order statistic in a sample of size n from a parent distribution F, the following 
results hold. 
THEOREM 4. 
(1) 
(2) 
(3) 
(4) 
If the parent distribution F is IFR (IFRA), then the distribution of the k out of n system 
of components is IFR (IFRA). 
If the parent distribution F is DFR (DFRA), it is not necessary that the distribution of 
the k out of n system of components is DFR (DFRA). 
If the parent distribution F is NBUE, then the distribution of the system of components 
arranged in parallel (n out of n system) is also NBUE. 
If the parent distribution F is DMRL, then the distribution of the system of components 
arranged in parallel (n out of n system) is also DMRL. 
4.1. Failure Rate under the Environment 
Using (3.4), the failure rate of the system, taking into consideration the environmental effect, 
is given by 
n-k 
A(t) C (7) (“&‘)(n - WU-(n - dW) 
r;(t) = -$lnRz(t) ,_k3=o (4.2) 
jFo(-l)n-k-J (7) (“&‘)&(-(n - Mt)) 
SPECIAL CASE. For the csse of a system having only one component, n = 1 and k = 1, and we 
have 
p @) = Yw%(-A(t)) 
s Mz(-A(t)) ’ 
see (61. 
We now present the next two examples. 
EXAMPLE 5. Suppose 2 has a gamma distribution so that 
M.dt) = (1 _ktja, a,,0 > 0. 
This gives 
n-k 
‘tdt) = 
X(t) ~~oc-l,n-k-j(:)(ngl;l)(n -A (l+(n_J&t))w+r 
n_k 
’ 
For the case of only one component, this reduces to 
(4.3) 
(4.4) 
QP T;(t) = ‘ct) (1 + PA(t))) 
see [6]. 
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EXAMPLE 6. Suppose Z has an inverse Gaussian distribution so that 
M~(i)=exp[~(l-(1-$)1’2)], a,b>O. 
This gives 
n-k 
A(t) c (-l)~-k-j(~}(",~;')(~ -mw-(~-~)wl x (b~+2a;(t))',2 
r;(t) = 
j=O 
n-k 
’ 
(4.5) 
C (-i>n-k-j(;) (“;!;l)M&-(n - j)A(t)] 
where M:(t) is given above:=’ 
For the case of one component, it reduces to 
7$(t) = X(t) 
(P + 2ah(t))“2 ’ 
see (61. 
REMARK 7. For the general case, it is not feasible to comment much about the monotonicity 
of rz(t). The case of only one component has been studied by Gupta and Gupta [6] when the 
parent distribution is Weibull and the mixing distribution is gamma. In this case, r:(t) turns 
out to be nonmonotonic. 
4.2. Crossings of the Failure Rates 
Equation (4.2) can be written as 
n-k 
X(t) C (-i)+k-j(;)(n&l)(n- j)E(Zexp(-Z(n- j)A(t)) 
T-;(t) = 
j=O 
n-k 
’ 
(4.6) 
Jzo(-l)n-k-j(‘J) (n;!;l)E(exp(-Z(n - j)A(t)) 
Now let us denote by T, a random variable having the same distribution as that of a k out of 
n system. Then the pdf of Z given T > t is given by 
This gives 
n-k 
X(-l) 
E(Z) T > t) = j;:k 
*-k-j(;)(n~~;l)Ez[Zexp{-(n-j)ZA(t)}) 
Jgo(-l)‘+k-j(I;) (“&‘)Ez[exp{-(n - j)ZA(t))l ’ 
(4.7) 
Using (4.4), equation (4.3) can be written as 
n’k(_l)n-k-j (9) (“;l~l)(~ _ j)EZ (Ze-Z(n-j)A(t)) 
r;(t) = X(t)E(Z ) T > t) . 3=0n_k (4.8) 
C (_l)n-k-j(~)(n;l;l)EZ (Ze-W-dW)) 
j=O 
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SPECIAL CASES. 
CASE 1. ONLY ONE COMPONENT (n = 1,k = 1). (See [S].) 
r;(t) = X(t)E(Z 1 T > t). 
CASE 2. SERIES SYSTEM (k = n). 
r;(t) = nX(t)E(Z 1 T > t). 
In both the above cases, it can be easily seen that 
Hence, rL;.(t)/A(t) is a decreasing function of t. This implies that when E(Z) > 1, A(t) and 
r:(t) can cross at most at one point and in that case the crossing point is a solution of the 
equation 
E(Z 1 T > t) = 1, (Case l), 
and 
nE(Z 1 T > t) = 1, (Case 2). 
In the case of only one component, for the gamma distribution, the crossing point is given by 
to = A-l((crfl - 1)/p) and for the inverse Gaussian distribution, the crossing point is given by 
trJ = A-‘((1 - b2)/2a). 
Also 
J&(t) = $X(t)E(Z ( T > t) - X2(t) Var(Z 1 T > t), (Case I), 
and 
$3(t) = n[$A(t)E(Z I T > t) - X2(t) Var(Z ) T > t)], (Case 2). 
This is a useful consequence of the fact that mixing causes hazards to fall faster or rise slower 
than the conditional hazards. From the above, we can also conclude, using the following general 
result due to [13], that the corresponding mean residual life functions and the reliability functions 
can cross at most at one point. 
THEOREM 8. Suppose X(t) and A*(t) are two failure rates with corresponding reliability functions 
R(t) and R*(t) and mean residual life functions p(t) and p*(t). Suppose A(t) and X*(t) cross at 
k points tc, i = 0, 1,2,. . . , k, such that 0 = tg < t; < . . . < ti (so in any interval A*(t) < A(t) or 
X*(t) > X(t)). Then 
(1) 
(2) 
R(t) and R*(t) cross at at most k points and at most one crossing point occurs in each of 
the inter&s [t:, t:+I), i = 1,2,. . . , k - 1, and [tt, 00); 
p(t) and p*(t) cross at at most k points and at most one crossing point occurs in each of 
the intervals (tt, t:+I), i = O,l, 2,. . . , k - 1. 
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